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A series of laboratory experiments was conducted to obtain high-quality data for acoustic propa-

gation in shallow water waveguides with sloping elastic bottoms. Accurate modeling of transmis-

sion loss in these waveguides can be performed with the variable rotated parabolic equation

method. Results from an earlier experiment with a flat or sloped slab of polyvinyl chloride (PVC)

demonstrated the necessity of accounting for elasticity in the bottom and the ability of the model

to produce benchmark-quality agreement with experimental data [J. M. Collis et al., J. Acoust.

Soc. Am. 122, 1987–1993 (2007)]. This paper presents results of a second experiment, using two

PVC slabs joined at an angle to create a waveguide with variable bottom slope. Acoustic trans-

missions over the 100–300 kHz band were received on synthetic horizontal arrays for two source

positions. The PVC slabs were oriented to produce three different simulated waveguides: flat bot-

tom followed by downslope, upslope followed by flat bottom, and upslope followed by down-

slope. Parabolic equation solutions for treating variable slopes are benchmarked against the data.
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I. INTRODUCTION

Acoustic properties of the ocean bottom usually have a

significant effect on acoustic propagation in shallow water.

The sediment can often be modeled as a fluid, but shear

waves can be important when the bottom consists of exposed

rock or a thin layer of sediment overlying a harder bottom.

The interface between the ocean and sediment can be mod-

eled as horizontal in some cases, but slope must be taken into

account in many applications. When shear effects and range-

dependence are both present, recent developments in the vari-

able rotated parabolic equation method are required for accu-

rate and efficient modeling. The variable rotated parabolic

equation method is an effective approach for handling range-

dependent problems,1,2 and the accuracy of this approach has

been established for a limited set of seismo-acoustics prob-

lems through numerical and experimental benchmarking.3,4

Spectral solutions are also being considered to treat these

types of problems.5–9

In this paper, results are presented from the second of a

series of experiments designed to compare elastic variable

rotated parabolic equation solutions with data from an

experiment involving a slab of polyvinyl chloride (PVC)

suspended in water. The first experiment (EPEE-1) featured

two bottom configurations, flat and sloped, but did not

involve slope changes.3 For the second experiment (EPEE-

2), combinations of flat and sloping interfaces were consid-

ered that included a bottom slope change designed to simu-

late variable bathymetry. High-quality data were obtained

using a robotic apparatus to move a receiver hydrophone to

synthesize two-dimensional arrays. In order to handle slop-

ing interfaces accurately, the variable rotated parabolic

equation is used.10–12 As with the earlier experiment with

PVC slabs, it is necessary to account for shear waves when

making model comparisons.3 We were able to achieve good

agreement by accurately inverting for geometric parameters

(such as source depth and bathymetry), within the bounds

of experimental uncertainty. Details of the experiment are

a)Author to whom correspondence should be addressed. Electronic mail:

harry.simpson@nrl.navy.mil

J. Acoust. Soc. Am. 130 (5), November 2011 26810001-4966/2011/130(5)/2681/6/$30.00

Downloaded 16 Nov 2011 to 138.67.22.94. Redistribution subject to ASA license or copyright; see http://asadl.org/journals/doc/ASALIB-home/info/terms.jsp



Report Documentation Page Form Approved
OMB No. 0704-0188

Public reporting burden for the collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and
maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or any other aspect of this collection of information,
including suggestions for reducing this burden, to Washington Headquarters Services, Directorate for Information Operations and Reports, 1215 Jefferson Davis Highway, Suite 1204, Arlington
VA 22202-4302. Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to a penalty for failing to comply with a collection of information if it
does not display a currently valid OMB control number. 

1. REPORT DATE 
NOV 2011 2. REPORT TYPE 

3. DATES COVERED 
  00-00-2011 to 00-00-2011  

4. TITLE AND SUBTITLE 
Experimental Testing Of The Variable Rotated Elastic Parabolic 
Equation 

5a. CONTRACT NUMBER 

5b. GRANT NUMBER 

5c. PROGRAM ELEMENT NUMBER 

6. AUTHOR(S) 5d. PROJECT NUMBER 

5e. TASK NUMBER 

5f. WORK UNIT NUMBER 

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 
Naval Research Laboratory,Physical Acoustic Branch Code 7136,4555
Overlook Avenue, SW,Washington,DC,20375 

8. PERFORMING ORGANIZATION
REPORT NUMBER 

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSOR/MONITOR’S ACRONYM(S) 

11. SPONSOR/MONITOR’S REPORT 
NUMBER(S) 

12. DISTRIBUTION/AVAILABILITY STATEMENT 
Approved for public release; distribution unlimited 

13. SUPPLEMENTARY NOTES 
Journal of the Acoustical Society of America, 2011 Nov;vol 130(5):2681, 

14. ABSTRACT 
 

15. SUBJECT TERMS 

16. SECURITY CLASSIFICATION OF: 17. LIMITATION OF 
ABSTRACT 
Same as

Report (SAR) 

18. NUMBER
OF PAGES 

7 

19a. NAME OF
RESPONSIBLE PERSON 

a. REPORT 
unclassified 

b. ABSTRACT 
unclassified 

c. THIS PAGE 
unclassified 

Standard Form 298 (Rev. 8-98) 
Prescribed by ANSI Std Z39-18 



discussed in Sec. II. Comparisons with parabolic equation

solutions are presented in Sec. III.

II. THE LABORATORY EXPERIMENT

The Elastic Parabolic Equation Experiment 2 (EPEE-2)

was carried out in April 2007 in the Shallow Water Labora-

tory at the Naval Research Laboratory. The Shallow Water

Laboratory contains a three-dimensional robotics system

suspended over a 8 m wide by 11 m long by 4 m deep deion-

ized water facility, with acoustic transmissions in the 100 to

300 kHz band. A range-dependent elastic bottom was mod-

eled using two 122 cm� 122 cm� 10 cm slabs of PVC

joined at a 5� angle. The slabs were suspended in water at

different orientations by cables attached at the corners. An

omni-directional source and receiver were placed in the

waveguide using a robotic apparatus that allowed for accu-

rate positioning and movement. The source was fixed while

the receiver was moved in 2 mm increments away from the

source. The slab, cables, source, and receiver are depicted in

Fig. 1. Water temperature was maintained so that the sound

speed remained within 1 m=s of 1482 m=s. Laboratory

measurements of material samples in air13 provided esti-

mates for the compressional and shear wave speeds (2290

and 1050 m/s) and the compressional and shear attenuations

(0.76 and 1:05 dB=k) of the slab, which has a density of

1:378 g=cm3. The PVC material and hence geoacoustic pa-

rameters were chosen such that modeling of the slab would

require inclusion of effects due to elasticity. The bottom is

FIG. 1. Configuration of the laboratory experiment, including the dark

gray-colored PVC slab, the cables attached near its corners, the large tank of

deionized water, and the source and receiver positioning. A hundred trans-

missions were averaged for every combination of source and receiver posi-

tion. (a) The flat to downslope case. (b) The upslope to flat case. (c) The

upslope to downslope case.

FIG. 2. Transmission loss versus range for the flat to downslope case, shal-

low source at 7.42 cm and deep receiver at 13.86 cm. Comparisons show

data (solid curve) and calculations from the elastic parabolic equation

(dashed curve), for source frequencies: (a) 125, (b) 200, and (c) 275 kHz.

The dashed vertical line near 100 cm denotes the point of slope change in

the bathymetry.
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categorized as hard and could represent a granite (or other

relatively dense solid) seafloor.

The transmitted waveform was an impulse with a flat

frequency spectrum over the band 100–300 kHz. A reference

measurement was made by positioning the source and re-

ceiver 1 m apart and measuring the pressure produced from

a shaped pulse which was flat within the source band. Figure

2 in Ref. 3 shows the temporal and frequency responses for

the reference measurement. Measurements were recorded at

8192 points with a 0.5 ls sampling interval. Windowing

was applied to eliminate reflections from the hardware and

the walls of the tank. The windowed time series were Fou-

rier transformed, resulting in 4096 data points that spanned

1 MHz in the frequency domain. A transfer function was

obtained by multiplying the frequency response with the re-

ciprocal of the spectrum of the reference pulse. Noise

reduction was accomplished by averaging the received time

series over the 100 transmissions for each source and re-

ceiver position.

Three cases involving propagation across a single

change in slope are considered: flat to downslope, upslope

to flat, and upslope to downslope. The propagation tracks

were centered on the slab (in azimuth), with the source

100 cm in range from the change in slope and 22 cm

beyond the rear edge of the slab. The receiver was moved

horizontally between ranges of 10 and 190 cm from the

source to produce a synthetic horizontal array. For each of

the three cases, horizontal array data were collected for two

source depths and two receiver depths at each source posi-

tion. The slab had sufficient attenuation to prevent spurious

reflections from its lower boundary (this was tested through

modeling and during the first experiment). The geometrical

parameters are the source depth zs, receiver depth zr, depth

of the slab (water depth) directly below the source z0, depth

of the slab at 100 cm (the range of the slope change) z1,

and depth of the end the slab that is farthest from the source

z2. These parameters were measured during the experiment,

but there was sufficient uncertainty in their values to cause

significant variability in model predictions of the highly

structured transmission loss curves. The sources of uncer-

tainty in these parameters include the finite sizes of the

transducers and slight irregularities in the surface of the

slab. In order to optimize the agreement between data and

model, we applied simple inversion techniques to derive

corrections to the measured values. The measured and

inverted values are given in Tables I, II, and III for the

three cases. Note that for the first two cases, the slab config-

uration was fixed in the water and the source and receivers

were interchanged to produce the different cases; inverted

bottom depth values are the same for both cases.

III. COMPARISON WITH PARABOLIC EQUATION
SOLUTIONS

In this section, comparisons are presented between the

laboratory data and rotated elastic parabolic equation at the

select frequencies of 125, 200, and 275 kHz. Results pre-

sented at these frequencies are representative of those

obtained at other frequencies within the frequency band of

TABLE I. Inversion results for geometric parameters: flat to downslope

case. The intended experimental geometry is given in the first column, fol-

lowed by the values from a simulated annealing inversion.

Flat to

downslope case

Nominal

(measured)

Simulated

annealing

Absolute

error

Relative

error (þ/� %)

zs mid (cm) 7.50 7.42 0.08 1.07

zr mid (cm) 7.50 7.58 0.08 1.07

zs mid (cm) 7.50 7.40 0.10 1.33

zr deep (cm) 14.0 13.86 0.14 1.0

zs deep (cm) 14.0 13.82 0.18 1.29

zr mid (cm) 7.50 7.70 0.20 2.7

zs deep (cm) 14.0 13.82 0.18 1.29

zr deep (cm) 14.0 13.98 0.02 0.14

z0 (@r ¼ 0) 15.0 14.39 0.61 4.07

r1 (cm) 100.0 98.88 1.12 1.12

z1 (@ r1) 15.0 15.21 0.21 1.4

rmax (cm) 190.0 189.31 0.69 0.36

z2 (@ rmax) 22.87 23.82 0.95 4.15

TABLE II. Inversion results for geometric parameters: upslope to flat case.

The intended experimental geometry is given in the first column, followed

by the values from a simulated annealing inversion.

Upslope to

flat case

Nominal

(measured)

Simulated

annealing

Absolute

error

Relative

error (þ/�%)

zs mid (cm) 7.50 7.35 0.15 2.0

zr mid (cm) 7.50 7.87 0.37 4.93

zs mid (cm) 7.50 7.33 0.17 2.27

zr deep (cm) 14.0 14.02 0.02 1.43

zs deep (cm) 14.0 13.71 0.29 2.07

zr mid (cm) 7.50 7.83 0.33 4.4

zs deep (cm) 14.0 13.82 0.18 1.29

zr deep (cm) 14.0 14.15 0.15 1.07

z0 (@r ¼ 0) 24.45 24.59 0.14 4.07

r1 (cm) 100.0 98.59 1.41 1.41

z1 (@ r1) 15.0 15.12 0.12 0.8

rmax (cm) 190.0 189.45 0.55 0.29

z2 (@ rmax) 15.0 14.57 0.43 2.87

TABLE III. Inversion results for geometric parameters: upslope to down-

slope case. The intended experimental geometry is given in the first column,

followed by the values from a simulated annealing inversion.

Upslope to

downslope case

Nominal

(measured)

Simulated

annealing

Absolute

error

Relative

error (þ/�%)

zs mid (cm) 7.50 7.21 0.29 3.87

zr mid (cm) 7.50 7.48 0.02 0.27

zs mid (cm) 7.50 7.12 0.38 5.07

zr deep (cm) 14.0 13.63 0.37 2.64

zs deep (cm) 14.0 13.65 0.35 2.5

zr mid (cm) 7.50 7.64 0.14 1.87

zs deep (cm) 14.0 13.69 0.31 2.21

zr deep (cm) 14.0 13.83 0.17 1.21

z0 (@r ¼ 0) 19.37 18.30 1.07 5.52

r1 (cm) 100.0 100.03 0.03 0.03

z1 (@ r1) 15.0 14.98 0.02 0.13

rmax (cm) 190.0 189.50 0.50 0.26

z2 (@ rmax) 18.93 19.89 0.96 5.07
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the source signal. Data comparisons were made using the

variable rotated elastic parabolic equation.11,12 The solution

uses an improved formulation of elasticity,2 has been bench-

marked against other elastic parabolic equations,11 and is

currently viewed to be the most accurate elastic parabolic

equation implementation. The solution is implemented in

FORTRAN 77 and runs on any modern computer without spe-

cial hardware considerations. Note that the model is scaled

1000:1 in length, which means that simulations are com-

puted at 125, 200, and 275 Hz.

For the flat to downslope case, the source was placed at

two different depths to excite different combinations of

modes. The bottom slope is approximately 5�. The receiver

is near the bottom of the water column for the two source

positions. Appearing in Fig. 2 are results for the case of the

source near the middle of the water column. The elastic para-

bolic equation solutions are in excellent agreement with the

data prior to the slope change at 100 cm. Beyond the slope

change, the pattern phase of the two solutions disagree and

the resulting error increases with frequency. Appearing in

Fig. 3 are results for the case of the source near the bottom

of the water column, which causes the higher modes to be

relatively highly excited. The elastic parabolic equation sol-

utions appearing in Fig. 3 are in good agreement with the

data for all three frequencies, but there are some errors over

the downslope portion of the slab.

FIG. 3. Transmission loss versus range for the flat to downslope case, deep

source at 13.82 cm and deep receiver at 13.98 cm. Comparisons show data

(solid curve) and calculations from the elastic parabolic equation (dashed

curve), for source frequencies: (a) 125, (b) 200, and (c) 275 kHz. The

dashed vertical line near 100 cm denotes the point of slope change in the

bathymetry.

FIG. 4. Transmission loss versus range for the upslope to flat case, deep

source at 13.71 cm and shallow receiver at 7.83 cm. Comparisons show

data (solid curve) and calculations from the elastic parabolic equation

(dashed curve), for source frequencies: (a) 125, (b) 200, and (c) 275 kHz.

The dashed vertical line near 100 cm denotes the point of slope change in

the bathymetry.
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For the upslope to flat case, two positions are considered

for the receiver depth, and the source near the bottom of the

water column for both receiver positions. The slab was kept

in the same position, and the changes in slope were created

by interchanging source and receiver positions. Appearing in

Fig. 4 are results for the case of the receiver near the middle

of the water column. The elastic parabolic equation solutions

are in excellent agreement with the data. Appearing in Fig. 5

are results for the case of the receiver near the bottom of the

water column. The elastic parabolic equation solutions in

Fig. 5 are in good agreement with the data for all three

frequencies.

For the fully range-dependent case, the bottom slope

transitions from approximately 1.9� upslope to 3.1� down-

slope. Results for the case of a deep source and shallow re-

ceiver appear in Fig. 6. As with the other cases, there is

excellent agreement between the elastic parabolic equation

solution and the data over the upsloping bottom, but ampli-

tude differences are evident over the downsloping bottom.

An extensive set of additional cases were considered for

other frequencies and source and receiver positions and

obtained similar results for each case.

IV. CONCLUSIONS

Results have been presented for a scale-model under-

water acoustic laboratory experiment that featured acoustic

FIG. 5. Transmission loss versus range for the upslope to flat case, deep

source at 13.82 cm and deep receiver at 14.15 cm. Comparisons show data

(solid curve) and calculations from the elastic parabolic equation (dashed

curve), for source frequencies: (a) 125, (b) 200, and (c) 275 kHz. The dashed

vertical line near 100 cm denotes the point of slope change in the bathymetry.

FIG. 6. Transmission loss versus range for the upslope to downslope case,

deep source at 13.65 cm and shallow receiver at 7.64 cm. Comparisons

show data (solid curve) and calculations from the elastic parabolic equation

(dashed curve), for source frequencies: (a) 125, (b) 200, and (c) 275 kHz.

The dashed vertical line near 100 cm denotes the point of slope change in

the bathymetry.
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propagation over a penetrable elastic slab. The bathymetry,

represented by the slab, was designed such that it was

range-dependent for part of or the entire propagation track.

Measurements were conducted for three cases: upslope to

range-independent propagation, range-independent to down-

slope propagation, and range-dependent propagation up to

and beyond a ridge. In each of the cases, the change in slope

was approximately 5�. The experimental data has been com-

pared against elastic parabolic equation solution calculations

that employ coordinate transformation techniques to handle

range-dependent bathymetry. Agreement between simulated

and measured data is excellent in each of the cases. An ini-

tial conclusion from this work is that coordinate rotations are

an effective and accurate technique for treating range-

dependent bathymetry. Additionally, the comparisons estab-

lished in this work verify that the parabolic approximation is

accurate and is fully capable of modeling range-dependent

propagation for ocean bottom slopes of up to 5.0�. That is, in

these cases backscatter is significantly small as to be negligi-

ble for environments with this bottom slope.

Of the three propagation scenarios considered in this

work, agreement was best for the upslope to range-

independent propagation case. In the upslope case, differen-

ces between simulation and measurement remained constant

over the range of the comparison track, with no noticeable

change in character beyond the point of slope change. For

the range-independent to downslope propagation case, dif-

ferences between measurement and simulation are greater

beyond the point of slope change. This case that involves

downslope propagation is the more difficult to model due to

evanescent wave field coupling to the propagating wave field

beyond the point of slope change. Although errors are

greater beyond the point of slope change, the calculated so-

lution accurately captures both the amplitude and pattern

phase of the field. Differences for the fully range-dependent

case are similarly explained.

Results from this second in a series of laboratory experi-

ments strongly support those of the first: Excellent agree-

ment has been obtained between elastic parabolic equation

solutions and data from a laboratory experiment for range-

dependent seismo-acoustic propagation problems involving

variable bathymetry. The details of the highly structured

transmission loss curves line up well in comparisons. The

results indicate that the laboratory data are of high quality

and that the parabolic equation solutions are accurate. To

obtain high-quality agreement for data comparisons, it was

necessary to apply inverse techniques to refine the values of

geometric parameters that were measured during the

experiment.
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